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The long-time evolution of the two-stream instability of a cold ion beam pulse propagating though
the background plasma is investigated using a large-scale one-dimensional electrostatic kinetic sim-
ulation. The three stages of the instability are identified and investigated in detail. After the initial
linear growth and saturation by the electron trapping, a portion of the initially trapped electrons
becomes detrapped and moves ahead of the ion beam pulse forming a forerunner electron beam,
which causes a secondary two-stream instability that preheats the upstream plasma electrons. Con-
sequently, the self-consistent nonlinear-driven turbulent state is set up at the head of the ion beam
pulse with the saturated plasma wave sustained by the influx of the cold electrons from the upstream
of the beam that lasts until the final stage when the beam ions become trapped by the plasma wave.
The beam ion trapping leads to the nonlinear heating of the beam ions that eventually extinguishes
the instability.
Introduction. The two-stream instability plays an im-
portant role in fusion [1–4], astrophysics [5, 6], double
layer formation [7, 8], and thrusters [9, 10]. In partic-
ular, nonrelativistic ion beams can be used for heavy
ion fusion and warm-dense matter experiments [11–13].
Neutralization of the ion beam is particularly important
for the beam quality as the space charge may defocus
the beam [14–16], which has been studied for under-
dense [15] and tenuous [17] plasmas. Longitudinal [18, 19]
and transverse compression [20–23] have also been inves-
tigated to increase the ion beam density.
A neutralized ion beam triggers an electrostatic two-
stream instability between beam ions and plasma elec-
trons; the instability saturates due to wave-particle trap-
ping of either beam ions or plasma electrons [19]. Some
fraction of the wave-trapped electrons become detrapped
and streams ahead of the neutralized ion beam pulse.
This results in generation of a beam of accelerated elec-
trons propagating though the background plasma, which
we call forerunner electrons. As a consequence, a sec-
ondary two-stream instability is developed between the
accelerated and background electrons.
Because two-stream instability can strongly affect ion
beam ballistic propagation in the background plasma,
it is important to investigate the long-time evolution of
the secondary instability. The saturation of the initial
two-stream instability by wave trapping has been inves-
tigated in previous studies [19, 23] where a small com-
putational domain around the beam pulse was used to
perform two-dimensional simulations. The effect of the
streaming electrons ahead of the beam pulse (i.e., elec-
tron acceleration and wave decay processes) was not thor-
oughly investigated. Recent simulations show that large
spatial domain and long temporal simulations are essen-
tial to investigating the long-time dynamics of the beam-
plasma interactions [24, 25]. The focus of this Letter is
to study the later phase of the two-stream instability –
(i) how the electrons become detrapped from the wave
and accelerate ahead of the ion beam pulse and (ii) how
they affect long-time evolution of the initial two-stream
instability. Therefore, we report the results of a large-
scale, one-dimensional electrostatic kinetic simulation of
the interaction between the ion beam pulse and back-
ground plasma.
Kinetic simulation. Electrostatic kinetic simulations
are performed in the frame of the ion beam. A standard
particle-in-cell (PIC) simulation [26] is used for the ion
beam pulse, the background ions, and the background
electrons. The cell size is ∆x = L/Nx, where L = 15 m
is the domain length and Nx = 3 × 104 is the number
of cells. Li+ is assumed for the ions. The electron tem-
perature is 0.4 eV; the ion temperature is 0.3 eV; and
the ion beam temperature is 0 eV. The ion beam density
profile is assumed to be a Gaussian pulse with a duration
of 20 ns. The plasma density is np = 5.5× 1016 m−3, the
ion beam density is nb = 2×1015 m−3, and the ion beam
velocity is chosen to be vb = c/30, where c is the speed
of light; the beam and plasma parameters are similar
to the neutralized drift compression experiment (NDCX)
parameters [23]. The boundary conditions for the Pois-
son equation is φ = 0 and ∂xφ = 0 at the boundary
in front of the beam. The presented results are checked
for convergence using small grid sizes (0.1 mm) and a
large number of computational particles (3000 particles
per cell), as well as with a separate Vlasov simulation
solver [27, 28] with comparable grid sizes in phase space.
Multiple stages of the two-stream instability. After
the beam is injected into a plasma, the two-stream in-
stability develops and saturates nonlinearly. Figure 1
shows potential, electron phase space, and ion beam
phase space in the beam frame. Several stages of evo-
lution of the two-stream instability between the beam
ions and plasma electrons can be observed in Fig. 1. We
focus on nonlinear stages of instability 200 ns after in-
jection into a plasma, when we initialize time t = 0 pre-
sented in all figures. At t ≤ 0 ns, the potential mod-
2(a) Potential
(b) Electron phase space
(c) Ion beam phase space
t = -4 ns t = 4 ns t = 8 ns t = 12 ns t = 16 nst = 0 ns (d) Electron phase space
t = 280 ns
t = 180 ns
t = 80 ns
FIG. 1. Overview of the electron acceleration due to the two-stream instability caused by the neutralized ion beam at different
times indicated in the top legends, a small 15cm long window out of a 15m long computational domain is shown. Shown are (a)
the potential, (b) the phase space of electrons, and (c) the phase space of the ion beam in the beam frame, v− vb, x− vbt. The
electron phase space at three different times are shown in (d). t = 0 is chosen to be the time when forward moving electrons,
namely, the forerunner electrons, are generated after the saturation of the initial instability, which is approximately 200 ns
after the injection of the ion beam pulse into the plasma.
ulations are relatively small and confined to the beam
pulse region (|x− vbt| < 10 cm). The growth rate of the
ion-beam induced two-stream instability [29] is γ/ωpe ≈
(
√
3/2) 3
√
nb/np ·me/mi,b, where ωpe =
√
4pie2np/me (e,
me, andmi,b being the electric charge, electron mass, and
beam ion mass). The phase velocity of plasma wave and
the wavelength of the modulation agree with theoretical
predictions [29]: vφ − vb = −(γ/
√
3)/k = −5.6 × 104
and L = 2pivb/ωpe ≈ 4.8 mm. The potential amplitude
grows until saturation due to electron trapping [30]. The
potential in the plasma wave becomes very asymmetric
and reaches about 1.6 kV at maximum at t = 8 ns. Elec-
tron trapping can be clearly observed in plasma electron
phase plots shown in Fig. 1(b), where the electron ve-
locity modulation reaches levels of ion beam velocity, vb.
Around t ∼ 0 ns, the wave breaking causes the potential
structure to become incoherent and nonstationary in the
beam frame. At this time, electrons become detrapped,
escape from the potential wells in the plasma wave, and
are accelerated ahead of the beam pulse forming a fore-
runner electron beam. After the electron acceleration
occurs, the potential amplitude gradually decreases. Ad-
ditionally, the newly generated electron stream causes
a secondary two-stream instability between the stream-
ing electrons and the background plasma electrons [see
Fig. 1 x − vbt > 2 cm and t ≥ 8 ns]. This instability
growth rate is much faster than the initial ion-beam in-
stability because the secondary instability is between two
electron populations: γs/ωpe ∝ 3
√
ns/np, where ns is the
density of the forerunner electron beam. The growth rate
occurs on the ns-scale although ns/nb ≈ O(10−2). Self-
similar evolution of forerunner electron beams is shown
in Fig. 1(d). It can be seen that electrons are constantly
being accelerated near the ion beam region but will ex-
perience heating due to the secondary two-stream insta-
bility.
Electron acceleration due to two-stream instability. As
shown in Fig. 2, particles 2 (p2) and 3 (p3) are initially
trapped by the plasma wave at the tail of the ion beam
FIG. 2. Spatio-temporal evolution of the electric field and the
trajectories of three test particles. Particle 1 (p1) is one of
the first electrons that are reflected in front of the ion beam
pulse. Particles 2 (p2) and 3 (p3) experience trapping and
detrapping before being accelerated in front of the ion beam
pulse. Blue and orange symbols are the location at t = 0 ns
and t = 9 ns, respectively. Insert (b) displays zoom in of the
orange box in Fig. 2(a), showing additional acceleration of p1
by the plasma wave generated by the forerunner beam.
3FIG. 3. Zoom-up view for p2 from Fig. 2. The pink solid
line is the trajectory for t ≥ −1.2 ns. Purple and light blue
symbols show the electron location at t = 3.3 ns and t = 3.8 ns
(when the electron detrapping occurs), respectively.
pulse (x− vbt < −5 cm) for a few cycles. Because of the
wave breaking at t > 5 ns, the electric field in the plasma
wave becomes incoherent and accelerating and deceler-
ating cycles of the electric field become asymmetric (see
Fig. 3), which causes the particles to escape trapping
in the wave and accelerate to move faster than the ion
beam. The resulting velocity of accelerated particles lies
in the interval v − vb ∈ [0, 2vb] in the beam frame (see
Fig. 1), therefore the generated forerunner beam travels
faster than a mere reflection from potential wells, v > 2vb
in the lab frame, as illustrated by particle p1. The p1
trajectory is nearly symmetric around v − vb = 0 in the
phase space, which indicates that p1 is purely reflected
by the large-amplitude plasma wave. For most acceler-
ated electrons, the energy builds up by particle trapping
and detrapping in the waves. Note that p1 is further
accelerated at x − vbt = 5.5 cm (t = 13 ns) in such a
process as shown in Fig. 1(b). In addition, there are
particles that lose energy in this process, for example,
this happen to particle 2 (p2) at time around 5 ns as
evident in Fig. 2(c). Once the detrapped particles, e.g.,
p2 and p3, form the forerunner beam, the electric field
is modulated due to the secondary two-stream instabil-
ity excited by the streaming electrons (at t > 8 ns; see
Fig. 1). This wave is responsible for additional accelera-
tion of reflected particles (e.g., p1) from vb to (1 ∼ 2)vb
in the beam frame, as shown in Figs. 2(b) and 2(c).
Further details of electron acceleration are given in
Fig. 3, which is in the zoomed-in part of Fig. 2. It can be
seen in Fig. 3 that the p2 electron gains energy and be-
comes accelerated forward by moving into a negative elec-
tric field, Emin = −600 kV/m, shown by the purple tri-
angle symbol in Fig. 3 at x−vbt = −6.26 cm (t = 3.3 ns),
which is considerably enhanced compared to the previ-
ous bounce period. After being accelerated, the electrons
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FIG. 4. Long-time evolution of plasma wave near the ion
beam region at −7 cm < x − vbt < 7 cm after generation
of forerunner electron beam. Six color lines (4 ns apart) are
overlapped in each subfigures in the order of black, red, green,
light blue, blue, and pink. Coherent plasma waves are ob-
served at x − vbt < 3 cm, indicating formation of stationary
plasma wave at t ≤ 200 ns. The wave in front of the ion beam
is more chaotic.
move through the region of a smaller decelerating field,
Emax = 300 kV/m, shown by the light blue square sym-
bol in Fig. 3 at x − vbt = −5.83 cm (t = 3.8 ns). This
field is weaker than the accelerating field; therefore the
electrons become detrapped from the potential well and
are being accelerated ahead of the beam pulse. In Fig. 2,
coherent plasma waves are observed near the ion beam
pulse at t > 18 ns, long after the generation of forerunner
electron beam at t ∼ 0 ns. These waves also experience
modulation, which allows for the electron acceleration to
occur even at later time and continuous generation of the
forerunner electron beam.
Saturation and decay of the instabilities. Figure 4
shows the temporal and spatial structures of the plasma
wave at 30 ≤ t ≤ 300 ns. From this figure, it is evident
that the plasma wave amplitude remains relatively con-
stant until the wave starts to decay at t > 200 ns. This
enables the high-energy ion beam to transfer its energy
into the plasma electrons for a long period of time.
Figure 5 shows the temporal evolution of the phase-
space of the ion beam pulse (Figs. 5(a)-(c)) and the ion
velocity distribution function (IVDF) that is averaged
over entire beam pulse (Fig. 5 (d)). It can be seen from
Figs. 5(a)-(b) that the ions are being trapped in the
plasma wave within the first 200 ns (the minimum ion
beam velocity reaches approximately v − vb = −3 × 105
4FIG. 5. Long-time evolution of ion beam in phase space at
30 ns (a), 180 ns (b), and 380 ns (c); and the averaged ion
distribution for various time steps (d).
m/s). The ion trapping occurs because there is a coher-
ent plasma wave that is nearly stationary in the beam
frame (see Fig. 4). At t > 200 ns, strong phase mixing
leads to heating of the ion beam (see Fig. 5(c)). At that
time the plasma waves start decaying due to weakening
of the two-stream instability, because of the thermaliza-
tion of the ion beam. The initial ion beam temperature is
0 eV and increases to approximately 1 keV at later time.
Figure 5(d) shows that the mean velocity of the ion beam
slows down because the ion beam energy is transferred
to the electrons and plasma waves. For a sinusoidal peri-
odic wave, the bounce frequency of the trapped beam ions
in the plasma wave is given by ωB,i = k(eφmax/mi,b)
1/2,
where k is the wavenumber and φmax is the potential am-
plitude. The plasma potential, eφmax ∝ mev2b [14] and
k ≈ ωpe/vb. Therefore, the ion trapping time can be writ-
ten as τB,i ≡ 2pi/ωB,i, where ωB,i = (4pie2np/mi,b)1/2,
which is independent of the ion beam velocity. From
our simulation results, τB,i ≈ 200 ns, which is in good
agreement with the time required for the saturation of
instability as can be seen from Figs. 4(e).
Figure 6 shows the temporal evolution of the spa-
tially averaged electron VDFs in the ion beam pulse re-
gion. The accelerated electron density increases before
t = 230 ns and decreases after t = 230 ns, as can be
seen from Figs. 6(b) and 6(c) due to wave decay af-
ter t = 230 ns. The electron trapping time is given
by τB,e = 2pi/ωB,e ∝ 2pi/ωpe, which is on the order of
a nanosecond. In Fig. 6(a), heating of the background
electrons can also be observed up to t = 230 ns, which is
due to the secondary two-stream instability. Note that a
significant amount of electrons is accelerated and the po-
sition of the maximum of the VDF is shifted toward the
negative velocity, so that the total current is maintained,
i.e., the current of the ion beam pulse is fully neutral-
ized by the plasma electrons in 1D case. This may be
different in a multidimensional setup if the beam radius
is small compared to the skin depth, because the elec-
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FIG. 6. Long-time evolution of electron VDFs averaged over
space in the ion beam pulse region, i.e., −10 cm < x < 10 cm
for different times during beam propagation; (b) and (c) are
zoom-in into high velocity tail region.
tron acceleration can occur along the beam axis and the
return current may occur outside the beam [30].
Summary. We performed large spatial and long tem-
poral studies of the two-stream instability produced by
an ion beam pulse propagating in the background plasma
using a one-dimensional electrostatic kinetic simulation.
After the initial linear stage of the instability is termi-
nated by the electron trapping, some of the electrons are
accelerated by the strong plasma wave to about twice
the beam velocity and propagate ahead of the ion beam
pulse. Hence, we call it the forerunner electron beam.
Examination of the electron trajectories forming the fore-
runner beam shows that the acceleration mostly occurs
due to the energy gain during the electrons trapping and
detrapping in the nonstationary plasma wave setup after
the initial saturation. The strong plasma wave driven by
the influx of the cold electrons from upstream persists
for the time of the order of the ion bounce period in the
this nonlinear plasma wave (τB,i ∝ 2pi/(4pie2np/mi,b)1/2)
and only decays when the beam ions become trapped and
heated by the action of the wave. During this time the
continuous generation of the forerunner electron beam
was observed. The forerunner electron beam can strongly
preheat background plasma. The ion beam propagates
distance vb/τB,i during the time τB,i. Therefore, the
strong defocusing forces caused by the two stream insta-
bility [19, 30] can affect the ballistic beam propagation
in plasmas only on distances shorter than vb/τB,i.
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